Abstract-The analysis of natural vibration characteristics has become one of the important steps of the manufacture and dynamic design in different industries. The feasibility of using the transfer matrix method of linear multibody systems (MSTMM) to compute the free vibration characteristics of a system composed of continues and discrete elements vibrating in a plane is explored theoretically. A general analytical method based on MSTMM is developed for the frequencies determination of two Euler-Bernoulli beams coupled by a double spring-mass system. The components of the transfer matrix are all functions of the system's natural frequency. The overall transfer equation only involves boundary state vectors, whereas the state vectors at all other connection points do not appear. The state vectors at the boundary are composed of displacements, rotation angles, bending moments and shear forces, which are partly known and partly unknown. Recursive eigenvalue search algorithm is used to determine the system frequencies. A numerical example is presented to demonstrate the validity of the proposal method.
I. INTRODUCTION
There are large numbers of works in the literature on vibrations of combined dynamical systems consisting of beams to which spring-mass secondary systems are attached [1] [2] using Green's functional method and other methods. The transfer matrix method of linear multibody systems (MSTMM) has been developed for a long time and has been used widely in structural analysis of linear and nonlinear systems. Applications of MSTMM range from vibration analysis, modeling of composite structures and multibody systems for computing static deformations, natural vibrations, steady state and transient dynamical response, to damage identification [3] [4] [5] [6] [7] . The general idea of MSTMM is to firstly break up a complicated system into elements with simple dynamic properties, which can be readily expressed in matrix form and treated in the same manner (for each element, it is possible to obtain the close form expression of the transfer matrix giving the displacements and the forces applied to one extremity to the displacements and forces applied to the other extremity). In other words, on an element level, the governing partial and ordinary differential or algebraic equations are transformed to algebraic transfer equations, where the output state results from a product of the input state and an element specific transfer matrix. These component matrices are considered as building blocks. In fact, the transfer matrix of such components does not need to be re-deduced, but may be taken directly from a transfer matrix library provided by [3] . These element transfer matrices are then assembled according to the topology of the flexible multibody system, ending up with a system of linear algebraic equations called the overall transfer equation. After eliminating the boundary conditions, the overall transfer matrix needs to be singular, which is checked by its determinant to be zero. Recursive eigenvalue search algorithm [7] is used to determine the system Eigen frequencies.
The present study is concerned essentially with the same mechanical system described in [2] but here the natural bending vibrations of two Bernoulli-Euler beams attached with a double spring-mass system are investigated using MSTMM.
II. PROBLEM DESCRIPTION AND FORMULATION OF
EIGENVALUE PROBLEM USING MSTMM The problem to be under study in this paper is the bending vibration problem of the system shown in Fig. 1 . The system composed of continues elements and discrete element vibrating in a plane. It consists of two clamped-free Euler-Bernoulli beams carrying tip masses as the primary system to which a double spring-mass secondary system is attached across the span [2] . The length, mass per unit length, location of the spring attachment point, bending rigidity and tip mass of the i th beam are , , , ,
The secondary system consists of two lateral springs of stiffness 1 2 , k k and the mass M [2] 
Herein, Herein, subscript 0 notes the boundary and j denotes the component boarders the boundary. The transfer directions of a system are always from the tip(s) to the root. The dotted arrows in Fig. 2 show the transfer directions for elements whose transfer direction do not match the orientation of the global reference frame xy . Thus, by introducing the local inertia reference frame xy , the transfer equation for element stands in xy . Therefore, these components need to transform from xy xy → system coordinates. In Fig. 2 , the vibrating system is a tree topology in the MSTMM algorithm and comprised of 13 components. Dummy rigid body (massless rigid body) components 2, 4, 9 and 12 are branches. It has 2 input ends and 1 output end. Components 3, 5, 10 and 11 are beam segments. Spring components are 6 and 8. Lumped mass components are 1, 7 and 13. The entire system has totally 6 boundaries ( Figure 1 . Two clamped-free beams with tip masses to which a double spring-mass system is attached in span [3] 10 9 10,0 12 9 12,0 13 9 13,0 1 1 10 9 9, 10 12 9 9, 11 12, 13 9 9, 11 12, 13
; ; 
The equilibrium condition of the moments acted on the dummy bodies 2 and 9 are still missing, that is: 
To the end, by combining (3, 4 and 5), the overall transfer equation of the entire system shown in Fig. 2 
where ;
At the boundaries, half of these SVs are zero due to known constraints which has to be fulfilled. Recursive eigenvalue search algorithm [7] is employed to determine the system frequencies.
III. NUMERICAL EXAMPLE AND DISCUSSION
The reliability of the theoretical work using MSTMM with tree scenario and recursive scanning algorithm in the context of free vibration is validated with the example in [3] as shown in Fig. 1 Table I . Summarizing, MSTMM results are in good agreement with [2] and it's able to handle this kind of problems. Figure 3 . Root scanning of a specific frequency band for a system in Fig. 2 
IV. CONCLUSIONS
This study deals with the bending free vibrations of a system where two beams are coupled by a double spring-mass system. To determine the system Eigen characteristics, the transfer matrix method of linear multibody systems has been proposed in this paper. It should be noted that there is no inherent difficulty in extending the current method to a system consisting of any number of uniform or non-uniform beams, springs and dampers. Since the solution is almost exact and the results are interesting, this allows a complete understanding of the problem. The proposal method is easy to formulate, systematic to apply and simple to code.
